Weak lensing will play an important role in future cosmological surveys, including e.g. Euclid and SKA. Sufficiently accurate theoretical predictions are important for correctly interpreting these surveys and hence for extracting correct cosmological parameter estimations. We quantify for the first time in a relativistic setting how many post-Born and lens-lens coupling corrections are required for sub-percent accuracy of the theoretical weak lensing convergence and distance-redshift relation for z ≤ 2 (the primary weak lensing range for Euclid and SKA). We do this by ray-tracing through a fully relativistic exact solution of the Einstein Field Equations which consists of randomly packed mass-compensated underdensities of realistic amplitudes. We find that including lens-lens coupling terms and post-Born corrections up to second and third order respectively is sufficient for subpercent accuracy of the convergence and angular diameter distance dA along 93% of the studied light rays. We also find that a significant percentage of the studied rays have post-Born corrections of size over 10% of the usual gravitational convergence,κ
Introduction Effects of inhomogeneities on cosmological observations are described using cosmological perturbation theory. Traditionally, only the simplest part of the first order these weak lensing expressions was considered but with the increasing precision of observational data, it has been necessary to go beyond first order perturbation theory. The first order perturbative lensing expressions are well known and full second order expressions for the convergence are given in e.g. [1] [2] [3] [4] [5] . Third order corrections have only been considered partially, e.g. in [6] . However, there are several reasons why care must be taken when using perturbative expressions. First of all, the literature contains inconsistencies between analytical expressions obtained by different authors (see e.g. discussions in [3, 7, 8] ). In addition, questions regarding the gauge dependence of lensing expressions must be carefully considered as pointed out in e.g. [9] . Also worth mentioning is the fact that higher order corrections can be more important than lower order corrections because the real universe is better described by a weak field approximation than standard perturbation theory (see e.g. [10] ). This obscures the validity of precision estimates based on perturbation theory truncated at a finite order. These points emphasize the importance of checking the appropriateness of perturbative expressions by a comparison with exact results. The straight forward way of doing this is to compare approximate results based on perturbation theory with exact results obtained by ray tracing through exact solutions to Einstein's equations. This permits one to assess whether the studied expressions are correct and yield the expected precision. This is the goal of the present work where a semi-realistic inhomogeneous but statistically homogeneous and isotropic dust solution to Einstein's equations are used to identify the terms necessary to achieve perturbative results deviating less than ∼ 1% from the exact convergence, κ, and angular diameter distance, d A , up to a redshift of 2 (the primary weak lensing range for several upcoming surveys goes out to z ≈ 2). The results indicate that one must include lens-lens coupling at second order and post-Born corrections at second and third order to achieve a 1% precision out to z = 2. These corrections are derived following procedures similar to those of [6] but are given in a form that generalizes the expressions to arbitrary order. We consider the shear contribution when computing d A , but as the shear enters into the distance squared, it only needs to be considered at first order. For sub-percent accuracy of the shear itself, higher order corrections are needed but as the shear can be obtained from the convergence (see e.g. [11] ) we do not investigate the necessary higher order corrections to the shear here.
Light propagation The starting point for gravitational lensing is the geodesic deviation equation for a deviation vector ξ a which separates neighboring null geodesics on a future pointing bundle
We use R a bcd to denote the Riemann tensor, and dots indicate derivatives with respect to the affine parameter λ associated with k a . Given an observer, the equation can be projected into a 2d screen space spanned by an orthonormal tetrad basis e A a , A = 1, 2. The equation then becomesξ A = R AB ξ B , where the optical tidal matrix is given by 
The Jacobi map takes the observed angle between two rays at the observer, ζ A := −ξ A | o , and maps it to the deviation vector at the source. The map can be expanded in terms of a background distanced A and an amplification matrix A AB = (1 − κ)δ AB + γ AB or (ignoring a small anti-symmetric part),
The convergence is therefore κ = 1 − tr J /2d A , and the shear is the trace-free part of A. The angular diameter distance as a function of affine parameter is
, where a bar denotes background quantities and γ 2 := γ
. We shall now consider solving for the convergence perturbatively, assuming a weak field approximation. We consider a perturbed FLRW metric (using c = 1 = 4πG):
. . denote spatial indices). As only the sum of the potentials will appear we introduce the Weyl potential ψ := (Φ + Ψ)/2. We will work on the conformal geometry, ignoring factors of a except where they appear in relation to δρ. In this case the background angular diameter distance isd A = r, and we will use r as the affine parameter distance down the past light cone from observer to source: r = λ o − λ s . For this metric, the leading order perturbative contribution to the optical tidal matrix is
Note that we keep only the terms with the highest number of derivatives in screen space since these terms are by far the most important for normal lensing events. Angle brackets mean the trace-free part of a tensor:
(As we keep only highest derivatives of the potential, no derivatives of the tetrad appear.) If we identify ψ as the full gravitational potential (e.g., from an N-body simulation) rather than the potential from linear perturbation theory, this is an excellent approximation. We use the flat sky approximation so the derivatives in the above expression can simply be swapped with Cartesian derivatives in the final expressions. Note lastly that the Ricci term deviates from the exact Ricci term only in terms of Born corrections and Doppler corrections as the exact Ricci term is −
Using δR, the integral equation for the amplification matrix becomes
Our goal is to solve this equation to obtain κ and d A at sub-percent accuracy as will be necessary for the correct interpretation of and forecasts for upcoming surveys. We define the operator
Repeated substitution then shows that the solution can be written as the series
The second term gives the standard linear convergence and shear:
with −γ 22 = γ 11 = γ 1 , γ 12 = γ 21 = −γ 2 . Promoting these to operators, κ(r) → κ(r, r ) and γ AB (r) → γ AB (r, r ), we can separate the trace and trace-free parts of O AB as O AB (r, r ) = κ(r, r )δ AB + γ AB (r, r ) .
Using this we can now calculate the higher order contributions to the convergence and shear by extracting the trace and trace-free parts of the higher-order products of O AB . In general, a contraction of 2 symmetric matrix operators in 2d, X AB = Xδ AB +X AB , can be expanded into its trace and trace-free parts as
We can use this repeatedly to calculate all the higherorder contributions we require. Consequently we have the second-order convergence in terms of the first-order operators κ and γ AB :
Similarly we can read off the correction to the shear from the trace-free part as
For the third-order terms we now use O
AB (r, r , r ), again promoting κ (2) and γ
AB to operators and using (9):
And so on. In this way we can see explicitly the different contributions to the higher-order convergence.
The second and third order lens-lens coupling correction, respectively, of the convergence and shear are not necessary for percent accuracy at z < 2 in the studied models but could be necessary at higher redshifts. The integrals in these expressions are in principle to be taken along the real perturbed line of sight, but this makes them difficult to compute. Alternatively, we can simply interpret these integrals as being along the background light ray, an approximation known as the Born approximation. We can then obtain corrections to the Born approximation by expanding around the background line of sight as follows.
It follows from the geodesic equation that deviations, δx A , to the light path in screen space are given by 
Inserting these into the lowest perturbative expression for the amplification matrix gives the following corrections to the convergence: 
Lastly, it is necessary also to include the Doppler convergence κ v in the computations (see e.g. [14] ). The lowest order Doppler convergence is given by
where n is the direction vector of the light ray computed in the background and v S and v O are the spatial velocity fields of the source and observer, respectively. Results We show the above discussed contributions to the convergence and angular diameter distance along light rays propagated in Swiss-cheese models based on the spherically symmetric Lemaitre-Tolman-Bondi (LTB) dust solutions. The LTB models are specified by a ΛCDM background (the "cheese") with Ω Λ = 0. These specifications are chosen because they yield structures of semi-realistic sizes for large-scale structures: Voids with radius ∼ 30Mpc and minimum density δρ/ρ ≈ 0.3 surrounded by a mass compensating shell with overdensity peaking at δρ/ρ ∼ 100. The LTB structures are arranged randomly according to the description in [15] , leading to a Swiss-cheese universe of random close-packed LTB structures with a packing fraction of ∼ 0.6. The exact κ, γ and d A along light rays in the Swiss-cheese model are compared with the perturbative approximations obtained from mock N-body reproductions of the Swiss-cheese models following the mapping procedure of [12, 13] . Within that setting, light rays can be traced using standard perturbation theory on a flat FLRW background combined with the non-linear density and velocity fields of the mock N-body data. 100 random light rays have been considered, each with an observer in the ΛCDM background. By including the lowest order lens-lens coupling and the two lowest orders of post-Born corrections as well as the first order shear and κ (1) + κ v , the difference between the exact and approximate ∆d A :=d
is less than 1% in the studied redshift interval along 97 of the light rays when local effects from the Doppler convergence are ignored. This is illustrated in figure (1) which shows the deviation between the exact and approximate ∆d A at z = 2 (since the deviations between exact and approximate results generally increase with redshift, showing the results at z = 2 is appropriate). In general, we find that each of the higher order corrections reach 1% of both κ (1) and ∆d A individually along at least one of the studied light rays. An example light ray is given in figure 2 which shows the individual contributions to ∆d A for one of the light rays. For this particular line of sight, the second and third order contributions are all of similar size and most are ∼ 1% or sub-percent individually while their sum is approximately 5% of ∆d A,exact . As indicated already in this figure, the lowest order post-Born correction is by far the most important contribution after κ (1) + κ v . The distribution of the lowest order Born correction along all the light rays at z = 2 is shown in figure 3 . Quite noticeably this second order contribution, which is often neglected, exceeds 10% of the traditional gravitational convergence, κ (1) , along multiple rays and it even exceeds the value of κ (1) along several light rays. This supports the findings of e.g. [16] that the lowest order Born correction leads to significant effects on at least some observations.
Conclusion By comparing approximate weak lensing convergence and angular diameter distances with their exact counter parts we show that a sub-percent accuracy up to z ≈ 2 of the angular diameter distance and weak lensing convergence requires several orders of the postBorn correction as well as the lowest order lens-lens coupling correction. Since most contributions to the convergence are in the form of integrals along the line og sight, even higher order corrections are needed if the same accuracy is required at higher redshifts. Our results thus show that the correct treatment of upcoming surveys will require the inclusion of several higher order corrections to the standard gravitational convergence κ (1) . Our results also indicate that already for current surveys, including the post-Born correction at lowest order is important as it can become the dominant contribution to the convergence along some lines of sight. Especially this point is worth further investigation e.g. by using the method described here for computing the first order post-Born correction along light rays in N-body simulations. It would also be useful to use the method studied here for computing κ to evaluate the accuracy of the multiple-lens approximation often used for ray tracing through N-body simulations. SMK is supported by the Independent Research Fund Denmark under grant number 7027-00019B. CC was supported by STFC Consolidated Grant ST/P000592/1.
